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Abstract 

After adding a scalar chiral boson to the usual superspace variables, the four-dimensional Green-Schwarz 
superstring is quantized in a manifestly S0(3,l) super-Poincare covariant manner. The constraints are all 
first-class and form an N=2 superconformal algebra with c — ~3. Since the Calabi-Yau degrees of freedom are 
described by an N=2 superconformal field theory with c = 9, the combined Green-Schwarz and Calabi-Yau 
systems form the c = 6 matter sector of a critical N=2 string. 

Using the standard N=2 super- Virasoro ghosts, a nilpotent BRST charge is defined and vertex operators 
for the massless supermultiplets are constructed. Four-dimensional superstring amplitudes can be calculated 
with manifest S0(3,l) super-Poincare invariance by evaluating correlation functions of these BRST-invariant 
vertex operators on N— 2 super-Riemann surfaces. 



I. Introduction 



In previous papers by this author/^* it was shown that the ten-dimensional Green-Schwarz superstring 
can be quantized with free fields by constructing a nilpotent BRST operator out of an N=2 stress-energy 
tensor with critical central charge c = 6. Scattering amplitudes are calculated by evaluating correlation 
fimctions of BRST-invariant vertex operators on N=2 super-Riemann surfaces, where the integration over 
fermionic super-moduli is performed by inserting N=2 picture-changing operators. Because this N=2 GS 
formalism is conformally invariant, it has the advantage over the light-cone GS formalism"'' that the picture- 
changing operators can be inserted anywhere on the surface. Furthermore, because some of the spacetimc- 
supersymmctries arc manifest, there is no need to perform a GSO projection or to sum over spin structures 
as in the RNS formalism. 

A disadvantage of the N=2 GS formalism is that the free fields do not transform linearly under the 
full set of S0(9,l) super-Poincarc transformations. This prevents the amplitude calculations from being 
manifestly Lorentz-covariant in ten dimensions. However under an S0(3,l) subgroup of the super-Poincare 
transformations, the free GS fields do transform covariantly. 

Under this S0(3,l) subgroup, the ten-dimensional GS fields split naturally into two groups. The first 
group describes a four-dimensional GS superstring which contributes c = —3 to the conformal anomaly, 
while the second group describes a fiat six-dimensional background with c = 9. Since the contribution 
of the flat six-dimensional background to the N=2 stress-energy tensor is decoupled from the contribution 
of the four- dimensional superstring, the flat background can be replaced by any Calabi-Yau background 
characterized by an N=2 superconformal field theory with c = 9 (in this paper, the term "Calabi-Yau" will 
mean Ricci-flat Kahler in the large-radius limit). One therefore has a manifestly S0(3,l) super-Poincare 
covariant quantization of the GS superstring in a Calabi-Yau background. 

In Section II of this paper, the worldslieet variables of the four-dimensional GS superstring are described. 
In addition to the usual four-dimensional superspace variables, there is a scalar chiral boson which is related 
both to i?-transformations in superspace and to projective transformations in twistor-space. Using these 
worldsheet variables, an N=2 stress-energy tensor with central charge c —3 is constructed (except for the 
chiral boson, all of the elements used to construct this N=2 tensor were described by Siegel in reference 8). 
After adding a c = 9 N=2 superconformal field theory representing the Calabi-Yau background, one obtains 
the c — 6 matter sector of a critical N=2 string. 

In Section III, the N=2 super- Virasoro ghosts are introduced and a nilpotent BRST charge is defined. 
Manifestly SO (3,1) super-Poincarc covariant vertex operators are then constructed for the massless states of 
the heterotic superstring in a Calabi-Yau background. Unlike in the RNS formalism, all physical states are 
represented by vertex operators involving purely matter fields. In their lowest picture, the vertex operators 
are constructed out of prepotentials for the supermultiplets. Tree-level scattering amplitudes are calculated 
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in a manifestly S0(3,l) super-Poincare invariant manner by evaluating correlation functions of these BRST- 
invariant vertex operators on N=2 super-Riemann surfaces. 

In Section IV of the paper, the relation between this GS superstring formalism and the conventional 
RNS formalism is discussed. It was recently shown that any critical N=l string can be embedded in a critical 
N=2 string, and the scattering amplitudes coincide using either the N=l or N=2 prescriptions.^ It will be 
shown in this section that the GS superstring in a Calabi-Yau background is related to the RNS string in a 
Calabi-Yau background by first embedding the N=l RNS string in an N=2 string, and then performing a 
field-redefinition of the worldsheet variables. This field-redefinition is a conformally invariant version of the 
light-cone gauge triality transformation and was described in reference 10 for the GS superstring in a fiat 
background. 

In the final section, possible applications of this paper are discussed. These include computing multiloop 
superstring amplitudes, calculating /3-functions of the GS sigma model, constructing a GS superstring field 
theory, and quantizing with manifest S0(9,l) super-Poincare invariance the superstring in a flat background. 



The worldsheet variables of the four- dimensional GS superstring will consist of the spacetime variables, 
a;™ (m = to 3), the right-moving fermionic variables, and 6" {a,a = 1 to 2), the conjugate right-moving 
fermionic variables, Pa and pa, and one right-moving boson p. The chiral boson will be defined so that p is 
identified with p + 2n (in two-dimensional Minkowski space, p is imaginary valued and ip takes values on a 
circle of radius 1) and will be shown in Section IIIC to be related to R-transformations of four- dimensional 
superspace. For the heterotic GS superstring, one also needs the 32 left-moving chiral fermions, (q {q = 1 
to 32), which describe the SO (32) or Es x Es lattice. For the four- dimensional Type II GS superstring, the 
left-moving fermionic fields, 9", 6 , pa, Pa, and one left-moving boson, p, are needed. 

In conformal gauge, the worldsheet action for these fields is: 



II. The Green-Schwarz Superstring in a Calabi-Yau Background 



A. The Four-Dimensional Green-Schwarz Superstring 



Type II : 




(1) 



The free-field OPE's for these worldsheet variables are 



x^{y)x^{z) ^ -77™" log \y - z\, p{y)p{z) ^ - log(y- - z-) 



Note that the chiral boson p can not be fermionized since e''^^^ e''^^^ e'^pi^) /(y —z ) while e''^^^ e ''^^^ ^ 
(?/~ — It has the same behavior as the negative-energy field (j) that appears when bosonizing the RNS 
ghosts 7 = rje'l' and /? = d^e''^}'^ 

These GS worldsheet variables are constrained by the c = — 3 N=2 right-moving stress-energy tensor: 

LGS = ld-x"'d-x^+Pad-0"+Pa,d-ea + ld-pd-p, GGS = eP{df, GGS = e-P{d)\ Jqs = d-p, (2) 

where 

da=Pa + ie^d-x^e. - + \ead-{ef, d^=Pa + iO'^d-Xaa - liOfd-h + \hd-{ef, (3) 

and (rf)^ means e^^^dad^. As was shown by Siegel,^ da and da satisfy the OPE that da{y) d/}{z) is reg- 
ular, da{y)da{z) —>■ 2iU.aa/{y~ - z~) where Ii.aa = ~ idad-Oa - tOad-Oa, and da{y)TV^{z) —>■ 

-2i<^a_r/(y- - Z-). 

It is interesting to note that these four-dimensional GS variables are closely related to the twistor 
variables of Penrose^^ (in fact, this N=2 description of the GS superstring grew out of the twistor descriptions 
of references 13-19). The relation is: 

\a = ePda, Xa = e-Pda, uj^ = {x°"^ + i6°'6^)eP da, u)" = {x"" - ie°'e")e-Pda, (4) 

which satisfy the twistor OPE's, 

Xa{y)Xa{z)^2iUaa, Xa{y)u>'' {z) ^ _ Xa{y)u;'' (z) ^ (5) 

y - z y - z 

The U(l) current, J = d-p, generates projective transformations in the twistor-space CP^. 

The advantage of working with the variables da and 11"* is that they commute with the spacetime 
supersymmetry generators, 

qa = J dz-\pa - i0"d-Xaa ' ^iefd-Oa], Qa = J [Pd - iO^d-Xaa - ^{efdM]- (6) 

Note that the N=2 tensor of equation (2) is spacetime supersymmetric since Lqs can be written in the form 

Lgs = |n™n„ + + dad-Oa + \d-pd-p. 

For the heterotic string, the left-moving stress-energy tensor is: 

Lgs = \d+x"'d+x^ + Cg5+C„ (7) 

while for the Type II string, the left-moving N=2 stress-energy tensor is obtained from equation (2) by using 
hatted variables and replacing 9_ with 

To check that this system correctly describes the four-dimensional GS superstring, one can use the N=2 
constraints to gauge-fix to light-cone gauge. First, use Lgs to gauge d-{x^ + x^) to 1, and use Jqs to 
gauge p=ia where 6^ = e"^ and pi = e~"^ (note that p — ia has no singularities with itself). Since Gqs in 
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this gauge contains the term e''p\P2 = P2, Ggs can be used to gauge 6^ = 0. Similarly, Gas in this gauge 
contains the term e~P6^p2d-{x^ + x^) = p2, so Ggs can be used to gauge 6'^ = 0. Constraining the N=2 
tensor to vanish fixes all variables except for x^, x^, 6^ and pi, which are just the light-cone GS variables in 
four dimensions. 

B. The Calabi-Yau Background 
The four- dimensional heterotic GS variables described in Section IIA are related in the following way to 
the ten-dimensional GS variables introduced in references 2-4 (for the rest of this paper, only the heterotic 
GS superstring will be discussed): 

pi=rV'", P2 = £+, pi=f^e-''*, P2 = e-, d-p = d-{h- -h+) + T''T\ 

The remaining ten-dimensional GS variables, a;'* (/U = 4 to 9), F' and f' {1,1 = 1 to 3), describe a flat six- 
dimensional background. These background variables can be combined in the following way into N=(2,0) 
chiral and anti-chiral superfields and for j,j = 1 to 3: 

Y^ {z + KK, k) = + kP + Khd-y^ , Y^{z — kk, R) = + RT^ — nRd-y-' , (9) 

where y^ = '^{^^'^^ + ix^^^) and y^ = -^{^''^^ ~ ix^^^)- The worldsheet action for these variables is 
/ dz'^ dz~ dKdR\Y^ d+Y^], while the c = 9 N=2 right-moving stress-energy tensor is T = D^Y^ Dj^Y^ where 
Dk — + i^d- and = ^ + nd-. The c = 6 N=0 left-moving stress-energy tensor is L = d+Y^d-^-Y^ at 
K = R = 0. 

Since the N=2 stress-energy tensor for the flat six- dimensional background is decoupled from the stress- 
energy tensor of the four-dimensional GS superstring, the flat background can be replaced by any c = 9 
N=2 superconformal fleld theory. As was first shown by Gepner,^° c = 9 N=2 superconformal field theories 
describe curved backgrounds which correspond in the large-radius limit to Calabi-Yau manifolds. 

A Calabi-Yau manifold is characterized by a Ricci-flat Kahler metric, 5^-^, and gauge fields, Aj and 
Aj, whose field strengths satisfy Fjk=F-j^=g^'^Fjf. — 0. To reduce the amount of notation, only the most 
familiar Calabi-Yau manifold will be discussed in this paper, namely the manifold described by the zeros of 
the polynomial + Z2 + + + Z\ in CP^ where the gauge-field is set equal to the spin connection. 

The sigma model action for this Calabi-Yau manifold is given by:^^ 

y dz+dz'dndR [djK d+Y^ - djK d+Y~^ + *a(e^)"^§b] (10) 

where K is the Kahlcr potential satisfying gjj^ = djd^K and V""^ is the gauge prepotential satisfying = 
{e~'^)°''^{d-je^' {A°:^ = has been gauge-fixed to zero). \E'a and \E'a for a, a = 1 to 3 are chiral and anti-chiral 
N=(2,0) superfields whose component expansions are 

^a{z + KR,K)=i'a + Kfa + KRd-llJa, ^a{z - KR,R) = "tpa + iifa - KRd-'ilja., (H) 
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where /„ and /„ are auxiliary bosons, Va = Ca + iCa+3 and 'tjja = Ca — iCa+3 for a = 1 to 3, and Q for g = 1 
to 6 are chiral fermions which are "borrowed" from the 32 fermions that describe the Es x Es lattice. 
In the large-radius limit, the c = 9 N=2 right-moving stress-energy tensor is given by 

TcY = gfk D^YW-,Y\ (12) 

while the c = 9 N=0 left-moving stress-energy tensor is given by 

LcY=gjkd+Y^d+Y'^ -d+Y^ dj{^e^f^a + d+Y^ ^ad]{e^^T atK = K = 0. (13) 

Note that the left-moving tensor from the four- dimensional GS string now contributes c = 17 to the central 
charge since six chiral fermions have been removed from the 32 ^^'s. 

The action and stress-tensors for the Calabi-Yau sector are invariant under the gauge transformations 

K-.K + A(F) + A{Y), ^ e^(^)e^e^(^), ^ (*e-^)„, *a ^ {e-H)n, (14) 

where = ^A"^ = djA = djX"^ = 0. 

III. Covariant Quantization 

A. N=2 Ghosts and the BRST Charge 
By adding together the right-moving stress-energy tensors of the four-dimensional GS superstring and 
of the Calabi-Yau backgroimd, one obtains a c = 6 N=2 stress-energy tensor which can be coupled to N=2 
worldshect supergravity. The right-moving N=2 super- Virasoro ghosts that gauge-fix this coupling consist 
of the N=(2,0) superfields 

C = C + + K'y + KKU, B = V + Kp — + KKb, (15) 

where (6, c) arc the usual spin (2,-1) fermionic Virasoro ghosts, (/3,7) and (/3,7) arc the two sets of spin 
(3/2, —1/2) bosonic supcrconformal ghosts, and {v,u) are the spin (1,0) fermionic U(l) ghosts. In terms of 
these ghost superfields, the worldsheet action is J dz^dz^ dKdii[Cd+B] and the c — —6 N=2 stress-energy 
tensor is T = d-{CB) — Di^CDf^B — Dk,CDk,B. It will be convenient to bosonize the {P,j) and (^,7) ghosts 
in the usual way as 

/3 = 5_^e-'^, 7 = 776"^, P = d-^e-^, j = fie^. (16) 

Since the central charge contribution of the ghost fields cancels the contribution of the matter fields, it 
is easy to construct a nilpotent BRST charge as:^^ 

Q = J dz-dKdR[C{TGs + Tcy) + B{D^CD^C - Cd.C)] (17) 

where Tqs is the c = — 3 N=2 stress-energy tensor of the four-dimensional GS superstring and Tcv is the 
c = 9 N=2 stress-energy tensor of the Calabi-Yau background. 
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The left-moving BRST charge, Q, is constructed in the usual way out of the left-moving Virasoro ghosts 
(6, c) as Q = J dz~^[c{Lcs + Lev — ^+c6)] where Las is the left-moving c = 17 stress-energy tensor of the 
four-dimensional heterotic GS string and Lev is the left-moving c = 9 stress-energy tensor of the Calabi-Yau 
background. 

For any critical N=2 string, it is useful to define the N=2 picture-changing operators,^ 

Z = {Q, ^} = e^lGcs + GcY + {h- \d-v)^ - vd.^\ + c5_^, (18) 

Z = {Q, 1} = e^iGas + Gcv + + \d-v)i + vd-^\ + cd-l, 
and the instanton-number-changing operators, 

I = ef = e''^'^~^^r •'^^ , r'^ = e~r = e~''~'''^^~r -^^^ . (19) 

Note that these operators have the property that they are BRST-invariant, but their derivatives are BRST- 
trivial. Unlike in the N=l string, there is no BRST-invariant inverse picture-changing operator, Y, satis- 
fying Y{y) Z{z)=l. 

B. Vertex Operators 

All physical states of the heterotic GS superstring can be represented by vertex operators W of the form 
W = cce~'^~'^V where V is an N=2 primary field which is constructed entirely out of matter fields and is 
dimension (0,1). In other words, L, G, and G have only {y~ — z~)~^ singularities with V, while J with V 
has no singularities. To obtain vertex operators in other pictures, one can attach arbitrary combinations of 
Z, Z, I, and 7"^ onto W. 

For example, if V depends only on the four-dimensional GS fields and is independent of the Calabi-Yau 
manifold, 

ZZW = cc (J" V^VdV^ + d-O" VaV + U"" VaVdF) + cj e'Pd" Vc,V (20) 

where \7aV = [/ dz~da , V] and VaV = [J dz~da , V]. Since cc can be replaced with J dz^dz~ , the vertex 
operator can be written in integrated form as:'^'* 

j dz+dz- [J" V^VdF + d-O'^ WocV + n"" VaVdV]. (21) 

Note that this vertex operator is invariant under the gauge transformation 5V = A-|- A where V^A = VqA = 
0. 

The physical massless states of the heterotic superstring in a Calabi-Yau background consist of the 
four-dimensional graviton, gravitino, axion, dilaton, dilatino, gluon, and gluino, as well as the modulons 
and modulinos coming from the marginal deformations of the Calabi-Yau manifold. These massless states 
combine into supermultiplets which can be represented by BRST-invariant vertex operators in the following 
way: 
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The fields of the supergravity and dilaton multiplets can be combined into a superfield, Em{x,9,6), 
with the gauge invariances SEm = + + dmF where VdA^ = VaA^ = 0. The vertex operator for 
this superfield is 

W = cce--^-^ Em{x, e, e) d+x"", (22) 
which is BRST-invariant if the following equations of motion and gauge-fixing conditions are imposed: 

V^Em = V^Em = ^"'"dmEn = rT^'drndnEp = 0. (23) 

The component fields described by this vertex operator are contained in the {0,9) components of Em- 
At 9°" = 6" = 0, the traceless graviton is h^n = (T^^VaV^E^ + cr^'^^a'^aEm - ^VmnV'''(^r"'^a^&E,, 
the dilaton is D ^ 77™"(7^"Vq Vai^n, the axion is b^n = f^r^a^a-^n ~ <^n°''^ dE,^ . the gravitinos 
arc Xma V^{S7aEm - |cr„QaO-"^"V/3£^„), \ma = V2(V<i£',„ - IcTmaaCr"'"'^'^ pEn), and the dilatinos 
arc (5" = V2((T™""Vai;™), (5" = V2(CT™""Va £",„)• It is easy to check that in Wess-Zumino gauge, the 
restrictions on Em from equation (23) impose the usual polarization and mass-shell conditions on these 
component fields (e.g. dmh""' = a„/77"" = r]""'dmdnh''-' = 0). 

The super- Yang-Mills fields can be combined into a superfield, {x,6,6), with the gauge invariance 
SV-^ = A^ + A^ where V^A^ — Vq,A^ — and / takes values in the adjoint representation of the unbroken 
Eq X Eg- The vertex operator for this superfield is 

W = cce-'t'-^ V\x, e, 6) ji (24) 

where ji is the current for Eq x Es that is constructed out of the 26 chiral fermions {ji is quadratic in the 
chiral fermions for an 50(10) x 50(16) subgroup of Eq x Es, but for the other elements of £^6 x -^8, ji is 
realized non-linearly). This vertex operator is BRST-invariant after imposing the equations of motion and 
gauge-fixing conditions: 

V^y^ = = ?7™"a„a„y^ = 0. (25) 

At 61" = = 0, the gluon is Af^ = a^Va'VaV^, and the gluinos are xL = V^V^F^, xi = V^VdF^. 

Each marginal deformation of the Calabi-Yau manifold gives rise to a massless complex scalar and 
Weyl spinor in four dimensions. These combine into chiral and anti-chiral superfields, 0(x — i9a9,9) and 
Q,{x + i9a9,9), satisfying VdO = = 0. On-shell, these superfields satisfy the equations of motion 

V^O = V^fi = 0. In order to write the exact vertex operators for Cl and Cl, one needs to know the primary 
fields of the c = 9 N=2 superconformal field theory. However in the large-radius limit, these vertex operators 
can be approximated by expressions involving the Calabi-Yau fields. 

For the massless states that come from deforming the Kahler structure of the Calabi-Yau manifold, the 
vertex operators are 

W = cce-'^-^ n djK d+y\ W = cce"-^-^ 9. djK d+y~^ , (26) 



8 



where K is the Kahler potential satisfying djdj^K = gjj^. Note that these vertex operators change by a 
BRST-trivial quantity under the gauge transformation 6K = A + A where BjA = djA = 0, and that in the 
picture ZW and ZW, this gauge invariance is manifest since 

ZW = cce-^ n t^d+y^, ZW = cce-* Cl gf^ T^d+f. (27) 

By introducing potentials for the one-forms on the Calabi-Yau manifold, it is also possible to write the vertex 
operators for the other massless states in the form W = cce~'^~'^flV and W = cce~'^~'^Q.V . However, it is 
more convenient to write them in the picture ZW and ZW so that the one-forms appear directly. 

For the massless states that come from deforming the complex structure of the manifold, the vertex 
operators are 

ZW = cce-'>' n gjkKf V^d+f, ZW = cce'^ g^jK^i T^d+y'', (28) 

where Kj and arc the 101 complex elements in the Dolbeault cohomology H^(T) and H^(T) (T and T 
are the holomorphic and anti-holomorphic tangent bundles of the manifold). 

Marginal deformations of the Calabi-Yau gauge field give rise to massless states which are singlets, 27's 
and 27's of the Eq x E^. The vertex operators for the singlets are 

ZW = cce-'^ n Mf PVa^s, ZW = cce'^ Cl Mf T^ipa^i (29) 

where and Mf are the 224 complex elements in the Dolbeault cohomology H^{End T) and H^{End f). 
The vertex operators for the 27's are 

ZW = cce-* Mf r'j(u,a), ZW = cce-^ Mf r'=j(„,„) (30) 

where Mf are the 101 elements in H^{T), Mf is the unique element in H^{T), u is the label for the 
27 representation, and j(u,a) are the 81 currents constructed out of the (q's which form the (27,3) in the 
decomposition of the adjoint representation of Eg. The vertex operators for the 27's are the complex 
conjugates of the vertex operators for the 27's. 

C. Scattering Amplitudes 

Scattering amplitudes for this N=2 GS formalism are calculated in the same way as for any critical N=2 
string. Correlations of BRST-invariant vertex operators are evaluated on an N=2 super-Riemann surface, 
and the moduli and super-moduli of the N=2 surface are integrated over. Integration over the fermionic 
super-moduli is straightforward and gives rise to insertions of the picture-changing operators, Z and Z, of 
equation (18). Integration over the U(l) moduli, however, is more subtle due to complications in defining the 
path integral over the negative-energy p field. ^ To avoid these subtleties, only tree-level scattering amplitudes 
will be discussed here, although another paper will hopefully be written soon discussing the loop amplitude 
calculations. 
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On a sphere with N punctures, there are no U(l) moduh, however there is still an instanton number, m, 
coming from the integral of the field-strength of the U(l) gauge field. For the heterotic string, the number 
of bosonic moduli is 2N — 6, the number of fermionic moduli coming from G is N — 2 + nj , and the number 
of fermionic moduli coming from G is N — 2 — m (for |n/| > N — 2, the amplitude vanishes).^ Evaluating 
a correlation function on a surface with instanton number m is equivalent to evaluating it on a surface 
with instanton number zero and inserting m instanton-number-changing operators I from eqn. (19). After 
choosing the bosonic moduli to be located at A'' — 3 of the punctures and after integrating over the fermionic 
moduli, the tree- level scattering amplitude for N external states Vi, Vn is given by: 

JV-2 

Av„...,v^= < cce-^-^Vi{zi) cce-^-^V2{z2) cce-^-^Vs{z3) (31) 

ni=2-N 

J dPziB-'^-^ViiZi) ... j d^ZNe-'^-^VN{ZN) I"" _^iV-2-„, ^ 

where the locations of the /'s, Z's and Z's are arbitrary. Because of the background charges of the various 
fields, the correlation function 

< {ef{ef cd-cdlc cd+cdH e-^-^-^^ >= 1. (32) 

The presence of the {6)'^{0)'^ zero modes guarantees that the amplitude is S0(3,l) super-Poincare invariant. 

It is interesting to note that for tree amplitudes involving external states which are independent of the 
Calabi-Yau fields, only surfaces with nj — contribute. This can be seen by observing that / explicitly 
depends on the Calabi-Yau fields through the term e~ / "^"^^ . Although the Z's and Z's also depend on the 
Calabi-Yau fields, there are not enough Z's and Z's to cancel the dependence of the /'s (this result is not 
valid for loop amplitudes since there are more Z's and Z's present). As will now be shown, this property of 
tree amplitudes is caused by i?-invariance of the classical four-dimensional action. 

In four-dimensional superspace, the i?-transformation scales 9" cfO"", 9" e^""^", and e™''i7 
where w is the i?-weight of the four-dimensional supcrficld Q. In the GS superstring, this transformation is 
generated by the BRST-invariant operator, B = J dz^{2d-p — 9"Pa + 9°'Pa), where [d^p, il] = —^w^ (the 
i?-weights of the super- Yang-Mills prepotential, V, and of the supergravity/dilaton potential, Em, are zero 
since the vertex operators have no factors). Note that [R, Z] = [R, Z] = 0, but [R, I] = —21. 

If i?-invariance is a symmetry of the classical four-dimensional action, the tree amplitude A^j^ y-^ y^-^ = 
A[r,Vi]V2.:Vm + ••• + ^Vi...V]v-i[-R,V}v] = 0. But by pulling the contour of / dz^{2d-p - 9°'pa + 9°'pa) aroimd 
the various operators in expression (31) for the scattering amplitude, this implies that X^^,=2-JV ~ ^ 
where 

=< cce-^-^yi(^i) cce-'^-*V2{z2) cce-^-^Vsiz^) (33) 

J d^Zie-'t'-'t'Vi{Zi) ... j d^ZNe-'^-'^VN{ZN) Z^-2+"i _^iV-2-„r ^ _ 
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Similarly, ^[ij,[fl,Vi...vN]] = implies that X^„j=2-jv '^/^m — ^- repeatedly commuting with R, one 
therefore proves that = for n/ ^ 0. 

IV. Relation with the RNS Formalism 

It was recently shown that any critical N=l string can be embedded in a critical N=2 string and the 
scattering amplitudes coincide using the N=l and N=2 prescriptions.^ It was also shown that the BRST 
operators in the N=l and N=2 formalisms are related by a similarity transformation. If one chooses the 
critical N=l string to be an RNS string in a Calabi-Yau background, the right-moving c = 6 N=2 stress- 
energy tensor is: 

L = \d_x^d_x^ + r'd-^m + igy^ - - ^7^-/3 - \hd_c + \cd_h + \d_{in\ 

G = b, G = 7(^™S_x„ + G^^^ + Gg^^)+ (34) 

c{\d-x^d.xm + ^'"S_V„^ + ig^^ - ^/39-7 - - bd-c) - 7^6 + die + d-ic^v), 

J = cb + 77^, 

where and tp™ for to = to 3 are the four-dimcnsional RNS matter fields, [b, c] and [/3 = d-^e~'^, 7 = rje'^] 
are the twisted RNS ghost fields, and [L^^^ ,G^^^ ,G^^^ , jg^^] is the c = 9 N=2 stress-energy tensor 
T^Y^ for the RNS Calabi-Yau background (as will be shown in equation (36), T^P^ is related by a field 
redefinition to the c — 9 N=2 stress-energy tensor of the GS Calabi-Yau background, Tcy of equation (12)). 

In reference 10, it was shown that for a flat background, the N=2 tensor constructed out of the ten- 
dimensional RNS matter and ghost fields is mapped by a field redefinition onto the N=2 tensor for the 
ten-dimensional GS fields (this was how the N=2 RNS tensor was originally found). It is easy to modify this 
field redefinition for a curved Calabi-Yau background so that it maps the N=2 RNS tensor of equation (34) 
onto the N=2 GS tensor Tgs + Tcy of equations (2) and (12). 

The first step is to define a "chiral" set of GS variables by performing the unitary transformation, 

$ = e"/ <i-^"[»S-^«<i^'"^°+e"''(«)^Gcy] ^ J dz-[id-Xa.c.e''0''+e-''i0fGcY] ^35^ 

where $ includes all GS fields defined in Section II. In terms of these chiral GS variables, Gqs + Gcv is 
simply e^(p)2. The field redefinition from these chiral GS variables to the RNS variables is: 

S^GS = ^RNS, d.p = -W.ct> + cb + 2^n-J§P^ (36) 
11 



Lev = L^^' + + vO' - (9-0 + vOJSr, GcY = e^Gg?^ 

QcY = e-^^Gg^^, JcY = JBy^ + 3{d_<i> + riO- 

Note that any GS field can be transformed to an RNS field, but only GSO-projected RNS fields (i.e., 
fields which have no square-root cuts with the spacetime-supersymmetry generator) can be transformed into 
single-valued GS fields. In addition to mapping the N=2 GS tensor Tqs + Tcy onto the N=2 RNS tensor 
of equation (34), this field redefinition maps the integrated GS vertex operators (in the picture ZZW where 
they have no N=2 ghost dependence) onto integrated RNS vertex operators and maps the GS spacetime- 
supersymmetry generators of eqn. (6) onto the RNS spacetime-supersymmetry generators 

q,=l dz-[ 6^e^(3*+/^['^"^'-'^'*'+''-"'l) (37) 
,2 = / dz-[ brje'^(^^+ri-^°^'^^'^'+^S?'^^ 

Since R = J dz~{2d-p — 9"pa + 0"Pa) gets mapped onto the RNS operator J dz~{2^r] — 2d-(j)), the R- 
weight of a GS operator is equal to twice the picture of the corresponding RNS operator. In other words, the 
vertex operators for chiral fermions in the GS formalism get mapped onto Ramond states in the +^ picture, 
while the vertex operators for anti-chiral fermions get mapped onto Ramond states in the — ^ picture. In the 
N=l RNS formalism, this identification of chirality and ghost number would be inconsistent since it would 
force amplitudes to vanish unless they had a fixed number of chiral minus anti-chiral external states. In the 
N=2 formalism, however, there is no inconsistency because of the sum over instanton number which picks 
up contributions from different RNS pictures. 

V. Possible Applications 

There are various longstanding problems in supcrstring theory for which the results of this paper might 
be useful. One such problem is to calculate multiloop supcrstring amplitudes in a manifestly S0(3,l) supcr- 
Poincarc invariant manner. In previous papers by this author, multiloop GS amplitudes were calculated 
in a flat background using variables which were not manifestly SO (3,1) covariant. The advantage of using 
non-covariant variables is that it is easy to compare with light-cone gauge calculations to check that the 
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amplitudes are unitary.* Because the rules for integrating over the U(l) moduli are not straightforward, this 
check of unitarity is especially important. 

Of course, the advantage of using covariant variables is that the amplitude calculations would be man- 
ifestly S0(3,l) super-Poincare invariant. However, proving equivalence with light-cone calculations may be 
tricky since, as was described at the end of Section IIA, light-cone gauge fixing using the covariant variables 
involves bosonization. 

Another problem which can be re-evaluated using the techniques of this paper is to derive the superstring 
corrections to the classical equations of motion for the supergravity and super- Yang-Mills fields. This is done 
by coupling the GS superstring to a curved four-dimensional background and requiring that the resulting 
non-linear sigma model is conformally invariant. Previous attempts^'''^^ to derive the superstring corrections 
used semi-light-cone gauge fixing^^ of the fermionic symmetries, which led to incomplete results in four 
dimensions.^'' Since an N=(2,0) non-linear sigma model for the superstring in a curved background has 
already been constructed, it should be straightforward to use the N=(2,0) techniques described in this 
paper to derive the superstring corrections to the massless equations of motion. 

A third possible application of this paper is to develop a manifestly S0(3,l) super-Poincare invariant 
superstring field theory. Although the role of the chiral boson, p, needs to be better understood, it should be 
possible to construct a field theory action of the form < $(5$ + ZZ<^^ + ... >.^2 As in the RNS string field 
theory, contact terms will be necessary to cancel the divergences of colliding picture-changing operators, Z 
and 

An obvious question is if it is possible to quantize the superstring in a flat background and preserve all 
S0(9,l) super-Poincare invariance. A major obstacle to this goal is that the sixteen 6 variables of S0(9,l) 
superspace are not free fields. The easiest way to see this is that in the RNS formalism, 9°^ = e^S" where 
S" is the spin field constructed by bosonizing the ten ■^'"s.^^ But 6"{y)6^{z) — > {y~ — z~)~^e'^'y^^ip^ which 
is not a free-field operator product. Note that the maximum number of ^'s which have no singularities 
with each other is five, which transform as li and 4i representations under the subgroup SU(4)xU(l) of 
S0(9,l). So unless some new description of ten-dimensional superspace is constructed in which the ^'s are 
not fundamental fields, it seems unlikely that the superstring will be quantizable in a manifestly S0(9,l) 
super-Poincare invariant manner. 

It is interesting to note that the most natural description of the GS superstring in ten flat dimensions 
contains N=8 worldsheet supersymmetry,^^"^^ rather than N=2. Since the superstring description of this 
paper can be obtained by embedding the N=l RNS string into an N=2 string, perhaps one should try to 
embed the RNS string into an N=8 string. It is possible that a new picture of ten-dimensional superspace 
could emerge from the resulting N=8 description of the superstring. 
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